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The topological properties of non-Hermitian Hamiltonian is a hot topic, and the theoretical studies
along this research line are usually based on the two-level non-Hermitian Hamiltonian (or, equiva-
lently, a spin-1/2 non-Hermitian Hamiltonian). We are motivated to study the geometrical phases
of a three-level Lieb lattice model (or, equivalently, a spin-1 non-Hermitian Hamiltonian) with the
complex hopping and flat band in the context of a polariton condensate, with the emphasis on the
higher spin degree of freedom on topological properties of non-Hermitian Hamiltonian. The topo-
logical invariants are calculated by both winding numbers in the Brillouin zone and the geometrical
phase of Majorana stars in the Bloch sphere. Besides, we provide an intuitive way to study the
topological phase transformation in high dimensions, and the flat band offers a platform to define
the high spin topological phase transition on the Bloch sphere. According to the trajectories of the
Majorana stars, we calculate the geometrical phases of the Majorana stars, and we find they have
a jump when the parameters change from the trivial phase to the topological phase. Besides, the
correlation phase of Majorana stars will rise along with the increase of the imaginary parts of the
hopping energy.
I. INTRODUCTION
By mapping a high-dimensional projective Hilbert
space onto the two-dimensional Bloch sphere, Majo-
rana’s stellar representation (MSR) [1] provides an intu-
itive way to investigate the geometrical phase, dynam-
ics and entanglement of a high-dimensional spin sys-
tem [2–13]. In more details, one can use one point on
a 2J + 1-dimensional geometric structure to describe a
spin-J state. Alternatively, at the heart of MSR is to
describe a spin-J state intuitively by 2J points on the
two-dimensional Bloch sphere and these 2J points are
called Majorana stars of the system. At present, there are
significant interests and ongoing efforts in investigating
such kind of geometrical representation, e.g., the study-
ing of spin-orbit coupling in cold atom physics with the
large-spin atoms [14–19].
Along with the increase of the quality of laser and mi-
crocavity technology, a more massive amount of conden-
sate models are realized in the optical and photonic sys-
tem, which provides a novel platform for achieving the
large-spin quantum systems. By the-state-of-art artificial
lattice, not only the Hermitian Hamiltonian but also the
non-Hermitian Hamiltonian with complex hopping can
be created. One of the most attractive models is the Lieb
lattice with flat band dispersion [20]. The localized states
are found in Lieb lattice without disorders or defects, and
the parity-time(PT ) symmetric band structures can ex-
hibit non-Hermitian degeneracies known as exceptional
∗ zhxliang@gmail.com
points [21, 22]. However, the topological properties of
the Lieb lattice are more complicated for the flat band,
and topological bands are degenerate. Besides, we can
consider Hamiltonian of Lieb lattice in momentum space
as pseudospin-1, and trajectories of MSR can observe the
topological phase transition.
At the same time, the non-Hermitian topological phase
transition is a hot topic in contemporary condensate
physics. The energy band of the non-Hermitian sys-
tem can be a complex number, and the eigenstates of
the Hamiltonian are not orthogonal any more. However,
generalized Brillouin zone(GBZ) extends the knowledge
of topological transition by replacing the Bloch factor
exp (ik) with β. If |β| 6= 1, all eigenstates are localized at
one of the side of real space which is famous for ‘skin ef-
fect’ [23, 24]. The wavefunction of non-Hermitian Hamil-
tonians can be considered the combination of the wave-
function of every site. However, the spin-1 system has
three eigenstates, and not all eigenstates have the topo-
logical transition. In this case, the skin effect cannot be
found by the combination of the system’s wavefunction
according to the GBZ theory. Besides, the parity sym-
metry and the parity-time symmetry will make the skin
effect disappear, and this phenomenon has been reported
in both experiments and theories [25–29]. The topologi-
cal invariants for one dimension system are winding num-
bers, which is an integer when the system in nontrivial
topological phases. In the spin-1/2 system, the winding
number can be characterized as loops, which accounts for
times of the trajectories passing around the z axis con-
necting north and south poles [28, 30] on Bloch sphere.
For the spin-1 system, the zero modes are not two poles
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Figure 1. (a) Illustration of a non-Hermitian Lieb lattice with
complex coupling κj , (b), and (c) the energy band of the Lieb
lattice with λ=1 and γ=0.8 with open boundary condition
and periodic boundary condition.
points, but the MSR of the flat band provides a tool to
define the winding number even on the higher spin.
In this paper, we introduce a three-level toy model
which can be realized in recent photonic or exciton-
polariton Lieb lattice with complex hopping. The topo-
logical invariants are defined by the generalized winding
number, and the edge states can be found in the topolog-
ical phase in both Hermitian and non-Hermitian regions.
Every state of the spin-1 system can be represented by
two stars on Bloch sphere by MSR, and there are two in-
dependent phases and one relative phase to For a spin-1
system and cylinder number of the Majorana stars travel
around connection of stars of flat band as a standard
axis to classify the topological phase transition on Bloch
sphere.
The paper is organized as follows. In Sec. II, we intro-
duce our theoretical toy model according to the recent
exciton-polariton experimental condition. In Sec. III, we
present the method to classify the topological phase in
the non-Hermitian system with edge states and the gener-
alized winding number. Then, in Sec. IV the trajectories
and the geometric phases of Majorana stars are studied
in detail to illustrate our theory. A brief discussion and
summary are given in Sec. V.
II. MODEL
The Lieb lattice with the flat band is realized in several
systems, including optical, photonic lattices, graphene
superconductors, and polariton condensates [31–35].
Among these systems, exciton-polaritons are ideal low
dimension topological materials which can be realized in
recent experiments. Exciton-polaritons are quasiparticles
that have a strong coupling between excitons and pho-
tons, and they can be applied to realized room tempera-
ture Bose-Einstein condensates for its ultra-light effective
mass [36–39]. Recently, the spin-orbit coupling is applied
in exciton-polariton condensates[19], where the coupling
is the pseudospin of polaritons and the photonic orbitals.
The non-Hermitian Lieb lattice in the exciton-polariton
system can be designed with gain and loss with the tech-
nology of buried mesa traps [19, 40, 41].
In this paper, we will consider a Lieb lattice with com-
plex hopping in exciton-polariton condensates. As is
shown in Fig. 1(a), the lattice has three types of cite
in unit cell: A, B, and C by setting different pillars in
the quantum well. The A and C cites are polariton with
different polarization( parallel and perpendicular)[? ],
meanwhile, Bn cites prevents propagation of flat-band
states. This artificial lattice has three dispersive bands,
where A and C have the same energy and B exhibit flat
band. By using tight-binding approximation, the Eigen
equations of 1D Lieb lattice can be described as:
Ean = κ1bn + κ2bn+1, (1)
Ebn = κ1an + κ2an−1 + κ3cn + κ4cn−1, (2)
Ecn = κ3 + κ4bn+1, (3)
here, the hopping energy between each site will be a com-
plex number for the gain and loss of the cavity. We will
consider κ2 = λ + γi, κ1 = ακ2, κ3 = κ
∗
1, and κ4 = κ
∗
2
which ensures the Hamiltonian is PT symmetric.
The real space energy band of Hamiltonian is illus-
trated in Fig. 1(b) with open boundary condition, where
the flat band always appears in the middle of the energy
band, and the gap between the 1st and the 2nd (3rd and
the 2nd) band will close and open again along with the
change of α. The flat band and zero-mode of the other
two bands are degeneracy, which brings an overwhelm-
ingly strange phenomenon in this system. The PT sym-
metry breaking transition and exceptional points occur
at γ = λ, and the energy band will change from purely
real to the purely imaginary.
Using Fourier transformation, we can rewrite Hamilto-
nian in momentum space [21]:
H =
 0 κ1 + κ2eik 0κ1 + κ2e−ik 0 κ3 + κ4e−ik
0 κ3 + κ4e
ik 0
 , (4)
with k is the momentum in the Brillouin zone. The
first and the third bands are symmetric about the second
band(flat band), for the trace of the Hamiltonian is zero.
The eigenvalues of Eq. (4) are
E = 0,∓
√
8 (λ2 − γ2) (1 + α2 + 2α cos k), (5)
where the Dirac points will appear at α = ±1. If we
just take the periodic condition, there are no zero modes
in the first and the third bands, as is shown in Fig. 1(c).
The zero-mode in the first or the third energy band is the
energy of the boundary states. The right eigenvectors of
3the system are :
ψR1 =
 −1 + 2γγ−iλ0
1
 , ψR2,3 =
 1−
2γ
γ+iλ
iE2,3
(γ+iλ)(α+eik)
1
 , (6)
here, eigenstates ψR2,3 are not normalized or orthogonal,
which is the characteristic property of the non-Hermitian
system. ψR1 is the eigenstates of the flat band, and the
density of B sites is always zero. Besides, for the other
two bands only when E2,3 is zero, the density of B sites
is zero. If zero modes appear with a flat band in this
system, there are no condensates in B sites. We will
use the left eigenstates and the right eigenstates of the
Hamiltonian together to define the topological invariants
and the orthogonality in the next section.
III. EDGE STATES AND NON-HERMITIAN
WINDING NUMBER OF THE TOPOLOGICAL
LIEB LATTICE
In this section, we will solve the edge states and discuss
the topological invariants of the non-Hermitian system.
The bulk edge corresponding in Hermitian and the non-
Hermitian system is very different. Recently, skin effect is
found in the non-Hermitian system, where all bulk states
are localized at one side in real space. Besides, the skin
effect is relative to the generalized Bloch zone, and the
Bloch factor
∣∣eik∣∣ can be smaller or bigger than 1. If the
Bloch factor is not equal to 1, the skin effect can be found
in this system. Otherwise, the skin effect will not exist,
and the Bloch theory still works.
The energy of edge states are shown in Fig. 1(b) with
red lines where zero modes will appear according to the
open boundary condition. The Eigen equations of the
first unit in real space can be described as:
Eψ1,A = κ1ψ1,B + κ2ψ2,B , (7)
Eψ1,B = κ1ψ1,A + κ3ψ1,C , (8)
Eψ1,C = κ3ψ1,B + κ4ψ2,B . (9)
we can substitute Eqs. (7)-(8) to Eq. (9) and get the
relation between ψ1,B and ψ2,B and get:
ψ2,B = −E
2 − κ21 − κ22
κ1κ2 + κ3κ4
ψ1,B (10)
= −
(
α+
E2
κ1κ2 + κ3κ4
)
ψ1,B . (11)
From Fig. 1(b), the zero-mode can appear at the region
of |α| < 1 and the edge density of sites B will have a local-
ized rate of |α| as is vividly shown in Figs. 2(c) and (d).
Besides, the relation between the density distribution of
A and C sites can be found from ψ1,C =
Eψ1,B−κ1ψ1,A
κ3
which reveals the density distribution of these two sites
are the same if the system is in the topological nontrivial
phase region. If the system is in the topologically trivial
(a) (b)
(c) (d)
(e) (f)
Figure 2. Eigenstate wave functions on sublattice A (the first
row), site B (the second row), and site C (the third row. We
take α=0.8, λ=1, γ=0.5 for the first column, and γ=1.5 for
the second column.
phase, the density distribution of A and C sites are very
different.
To define the winding number and discuss the orthog-
onality of the system, the joint left eigenstates need to
be calculated and combine them with the right eigen-
states. The joint left eigenstates are satisfied H† |ψn,L〉 =
E∗ |ψn,L〉 comparing to H |ψn,R〉 = E |ψn,R〉. The eigen-
vectors and t the joint eigenvectors are biorthogonal and
complete:
〈ψm,L|ψn,R〉 = 0 (m 6= n) , (12)∑
n
|ψn,R〉〈ψn,L|
〈ψn,L|ψn,R〉 = 1ˆ, (13)
here, the normalization convention is enforced but not
necessary. The geometric phase for a biorthogonal sys-
tem is given by
γb =
∫ z
0
〈ψn,L| i∂z′ |ψn,R〉
〈ψn,L|ψn,R〉 dz
′, (14)
with z′ is the dependent parameters. It is different from
the usual Berry phase that the normalization of the sys-
tem can be a complex number. In our model, if dissi-
pative term γ is beyond zero, the Hamiltonian is non-
Hermitian, and the bi-normalized number of eigenstates
4(a) (b)
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Figure 3. Majarana stars of the eigenvectors on Bloch sphere.
The dark stars are MSR of ζ(1), red and blue lines are trajec-
tories of MSRs of ζ(2) and ζ(3). Parameters are used: λ=1,
and (a) α=0.0. γ=0.5; (b) α=2, γ=0.5; (c) α=0.5, γ=0.5;
and (d) α=0.5, γ=1.5.
will be complex. The energy will change from purely real
to purely imaginary, along with an increase of γ.
There is no skin effect in this non-Hermitian system
because of the PT symmetry. The winding number of
the non-Hermitian system can be described in Bloch zone
as
Wn =
1
pi
∫ pi
−pi
〈ψn,L| i∂k |ψn,R〉
〈ψn,L|ψn,R〉 dk, (15)
=
{ ±1, |α| < 1,
0, |α| ≥ 1. (16)
for n = 2, 3. From Eq. (16), we can find α ∈ (−1, 1) the
winding number is 1, otherwise the winding number is
zero which can be described as the topological invariant.
As is shown in Fig. 2, the edge states are plotted with
red lines in their real space wavefunction. Edge states of
A sites and C sites are localized at the last unit cell of the
system. Relatively, B sites are localized at the first unit
cell of the system. The parameters of the first column
of Fig. 2 are PT unbroken, and the second column is
symmetry broken. Along with the increase of the gain
and loss, edge states always exist, and the skin effect
does not appear in the topological phase region.
IV. THE MAJORANA REPRESENTATION
AND GEOMETRIC PHASES ON THE BLOCH
SPHERE
It is worth to notice that our system can be interpreted
by a pseudospin-1 model. Comparing to the spin-1/2
system, the geometrical phases of a large spin system are
more complicated because the correlation phases need to
be considered. However, for the spin-n system, one con-
venient and intuitive way to study symmetry and dynam-
ics of its quantum state is the Majorana representation[3].
By parameterizing quantum state ψ =
∑
Cm |m〉 as a se-
ries of complex number ζ(m) = tan θm2 e
iφm with
2n∑
m=0
(−1)m Cn−m√
(2j −m)!m!ζ
(m) = 0. (17)
The eigenstates of the system can be
mapped onto the Bloch sphere as points
[sin θm cosφm, sin θm sinφm, cos θm] (which are known
as the Majorana stars). e.g., The Majorana stars of flat
band’s eigenvector on Bloch sphere are two fixed points
with ζ(1) = ±
√
−1 + 2γγ−iλ and these two points can be
considered as the singular points. If γ is zero, the points
of MR of ζ(1) are [±1, 0, 0] which is the same with x
axis for spin-1 system. Majorana stars of the rest two
eigenstates can be represented on Bloch sphere with
ζ(2,3) =
iE2,3√
2(γ + iλ) (1 + αeik)
± i
√
γ + iλ
γ − iλ +
E22,3
2(γ + iλ)2 (1 + αeik)
2 , (18)
here, if E2,3 are zero, ζ
(2,3) have the same fixed points of
ζ(1). If E2,3 are not zero, the Majorana stars will move
on the Bloch sphere along with the change of the mo-
mentum. In Majorana representation, the Berry phase
of spin-1 system can also be described intuitively as
γ
(n)
b = γ
(1)
0 + γ
(2)
0 + γC (19)
= −
∫
(1− cos θ1) dφ1 −
∫
(1− cos θ2) dφ2
− 1
2
∮
(d~u1 − d~u2) · (~u1 × ~u2)
3 + ~u1 · ~u2 , (20)
where u1 = (θ1, φ1) and u2 = (θ2, φ2) are the coordinates
of Majorana stars, γ
(1,2)
0 are two independent solid angles
on Bloch sphere, and γC is the correlation phase between
two Majorana stars.
Although, we present the usual way to calculate the
winding number in Sec. III. MSR provides another way
to calculate the winding number. For spin-1/2 Hermi-
tian system we can just use ν = 12pi
∫ ∂φ(k)
∂k dk, which is
the loops of trajectory of the state on Bloch sphere goes
around z axis[30]. But it is not useful for non-Hermitian
system with the large spin. In our model, if γ is zero, Ma-
jorana of stars of ψ1 are [−1, 0, 0] and [1, 0, 0] and their
connection line can be considered as x axis. The winding
number can be defined by ν
(n)
tol = ν
(n)
1 + ν
(n)
2 with ν
(n)
1,2
are the winding number of the Majorana stars go around
the every singularity ponits of ψn state.
5(a) (b) (c)
Figure 4. Geometrical phases of trajectories of Majorana stars ζ(2) on Bloch sphere using Eq. (20). We take λ=1, α=0.5, γ=0,
0.5,1.5 for (a), (b), and (c).
The normalized coefficients of each state are 2(γ
2−λ2)
(γ−iλ)2 ,
4(γ2−λ2)
(γ+iλ)2 , and
4(γ2−λ2)
(γ+iλ)2 by using Eq.(13). The normal-
ized coefficients will change with dissipative term γ which
makes the phase of the Bloch factor change from eik to
eik+iφ with φ is an additional phase given by the angles
of the normalized coefficients. The trajectories Majorana
stars of eigenstates will also change with γ because the
additional phase φ makes an angle shift of Bloch sphere.
Since the Hamiltonian has PT broken and unbroken
phases in different parameters, we can first focus on the
Hermitian condition by setting γ to zero. As shown in
Fig. 3, the dark state (ψ1) forms two fixed stars on the
Bloch sphere and can not move along with different mo-
mentum. While stars of ψ2,R and ψ3,R can move along
with the changing of different momentum, and their tra-
jectories will cross at the fixed points of ψ1,R. The tra-
jectories of ψ2,R and ψ3,R will not come across and form
a complete circle when α is larger than 1. However, as
α decreases, they will get close to each other. Besides,
only α < 1, ψ2,R and ψ3,R’s trajectories can form a closed
loop, and they will coincide as shown in Figs 3(c) and (d).
The Berry phase can be calculated by using Eq. (20)
as the solid angles of the Majorana stars in the Bloch
sphere, which is the same result of the calculation of the
Zak phase.
As is illustrated in Fig. 4, if γ=0, the geometric phase
on the Bloch sphere has a jump at α=1, and the total
phase arises from zero to pi. The correlation phase is
always zero, which means that there is no correlation be-
tween the two stars. The contributions of the geometric
phases from the two stars’ independent evolution are the
same and equal to pi/2. When the non-Hermitian part
γ is introduced, the total phase decreases, and the cor-
relation between the two stars arise. As γ increases, the
correlation phase increase, well, the total phase and its
noncorrelation part decrease. This means that the cor-
relation between the stars can significantly influence the
geometric phase and also can be related to the degree of
the non-Hermitian.
Remarkably, we only calculate the geometric phases of
all right eigenstates. However, the left eigenstates are
already included. ψ1,R is always topological trivial, and
it is the eigenstates of the flat band, so the joint left
eigenstates of ψ1,R is itself. Due to the PT symmetry, we
can easily find the joint left eigenvector of ψ2,R is ψ3,R
and ψ2,R is the joint left eigenstates of ψ3,R. Like the
Majorana stars shown in Fig. 3(b), the Majorana stars
of left and the right eigenstates for the same eigenvalues
are around the same singular points with different colors.
The geometrical phase we show in Fig. 4 is different from
Eq. (14) because the definition of Majorana stars can
only use one side of the eigenstates.
V. DISCUSSION
Summarizing, we introduce a toy model Hamiltonian
with complex hopping, which has a topological transition
and can be realized in recent experiments. Remarkably,
we use exciton-polaritons condensates as an example to
investigate the non-Hermitian topological phase transi-
tion in our main content. Still, this toy model can be
realized in other systems like photonic crystal. The bulk-
boundary correspondence still exits not only in PT un-
broken but also in the broken region with the localization
of the edge states. Besides, the topological invariants can
be well defined by winding numbers with both left eigen-
vectors, and right eigenvectors, and the topological region
is shown in this paper. We illustrate the trajectories and
geometrical property of spin-1 Lieb lattice with Majorana
presentation. The loops of the trajectories of Majorana
stars go around their singular points can be considered as
the winding number to classify the topological trivial or
nontrivial phase. By calculating the berry phase of the
MSR, we find the Berry phase of Majorana stars has a
jump when the parameters change from trivial phase to
the nontrivial phase. Furthermore, the correlation phase
arises from zero to nonzero, along with the increase of
the dissipative term.
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